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Elementary Number Theory

1. Elementary Number theory: Solving Congruences and also Proof of Wilson’s Theorem.

Steps for proving Wilson’s Theorem

Do provide the complete proofs of the following steps that lead to the proof of Wilson’s
theorem.

Prove that if p is a prime number, then,

i) in each row of the table of multiplication table of (mod p) 1 appears exactly once.

ii) 1 can be on the diagonal only in the first and last rows;

iii) numbers congruent modulo with 2, 3, 4, . . . , (p− 3), (p− 2) can be broken up into
pairs so that the product of numbers in each pair will be comparable with 1 modulo
p;

iv) hence conclude that (p− 1)! = −1(modp).

Algorithm for Solving Linear Congruences

Consider solving the problem ax ≡ b (mod n). Step 1) Find GCD(a, n), call it d.
Notice that we should continue with the problem only if d|b (this means d divides b)
(Why?ans: Otherwise clearly this problem has no answers). Suppose d|b, this means
all of a, n and b are divisible by d, so the problem is equivalent to (a/d)x ≡ (b/d) (mod
(n/d)) (Perhaps we have already proved this before, recall we have proved before that
a ≡ b mod (n) is equivalent to a problem a/dx ≡ b/d (mod n/d). eg suppose we are
solving 10x ≡ 6 mod (14) we would rather solve 5x ≡ 3 mod (7). Step 2) At this
stage we note that GCD(a, n) = 1 (Why?). Therefore (by previous discussions) we
are assured of a multiplicative inverse for a. So, we end the problem by looking for a
multiplicative inverse a′ and multiplying throughout with a′,i.e., a′ax ≡ a′b mod(n).
(This step is justified by a proof we have already done in class (which one? ans: Recall
that a ≡ b mod(n) always =⇒ ak ≡ bk mod(n).)
Example 1: The previous example: Solving for x in 5x ≡ 3 mod (7). Notice that 3 is
the same as 3 + 7, 3 + 14 and so on in mod(7). We will replace 3 with 3 + 7 because
3 + 7 is a multiple of 5. So, our new problem is 5x ≡ 3 + 7 mod(7), i.e, 5x ≡ 3 + 7
mod(7), i.e, x ≡ 2 mod(7). We have solved it. Example 2:4x ≡ 13 mod(47). We can
solve it like the previous method. But, here is different and equally simple strategy.
Look for a multiple of 4 that is ≡ 1 mod 47. So, we find 48. Thus we say the problem
is equivalent to 12× 4x ≡ 12× 13 mod (47), i.e, 48x ≡ 3× 4× 13 mod (47),i.e, x ≡ 15
mod(47). End of solution.

Basic Building block problems for the Topic of the Week

Task1 Solve 4x ≡ 9 mod(13); 3x ≡ 12 mod(15); 20x ≡ 30 mod(55). Task 2 Solve
the following simultaneous congruence equations 4x+3y ≡ 2 mod(11) and 6x+5y ≡ 1
mod(11). Task3 Prove that (p− 2)! ≡ 1( mod p) for any prime p; Prove the converse,
i.e., if (n − 2)! ≡ 1( mod n), then n is prime. Task 4 Prove that if p = 4k + 1 is
a prime number, then x = ((p - 1) / 2)! satisfies the congruence x2 ≡ −1(mod p);
Find at least one natural number solution for the congruence equation x2 ≡ −1(mod
29), not exceeding 28. Task 5 Using Wilson’s theorem, that among the numbers of
the form n! + 1 there are infinitely many composite. Task 6 Let k > 3. Find all the
solutions of the congruence x2 ≡ 1( mod 2k).
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