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Induction

1. Elementary number theory and Elementary Geometry.

Induction: A base problem(s) for small n leads to proofs for all values of n, it is like a
domino effect, and all fell down.

Figure 1: Induction

Basic building block problems

1) (Tower of Hanoi) A game with three spindles on a base, with n rings on one of
them. The rings are arranged in order of their size. It is permitted to move the
highest (smallest) ring on any spindle onto another spindle, except you cannot put
a larger ring on top of a smaller one. Prove that

a) It is possible to move all the rings to one of the free spindles.

b) It can be done in 2n − 1 moves.

c) It is not possible to do so using fewer moves.

2) Prove that
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3) Recall the Rs 3 and Rs 5 bank that can hand out any amount of cash. Based on
this we have a few more interesting geometric induction.

a) It is allowed to tear a piece of paper into 4 or 6 smaller pieces. Prove that
following this rule you can tear a sheet of paper into any number of pieces greater
than 8.

b) Prove that a square can be dissected into n squares (not necessarily equal) for
all n ≥ 6.

c) Prove that an equilateral triangle (not necessarily equal) can be dissected into n
equilateral triangles for n ≥ 6.

4) It is known that x + 1/x is an integer. Prove that xn + 1/xn is also an integer (for
any natural n).

5) Prove that for any natural number n > 3, there exists a convex n-gon with exactly
3 acute angles. Note: This question is a good key problem if students already know
the fact that a convex polygon cannot have more than 3 acute angles (Hence do
prove this first !!!). The base case should be n = 4 and can be checked by direct
construction.

6) Into how many parts do n straight lines divide a plane if no two of them are parallel
and no three meet at the same point?

7) (Simplest Map Coloring Problem) The plane is divided into regions by several
straight lines. Prove that one can color these regions using two colors so that
any two adjacent regions have different colors (we call two regions adjacent if they
share at least one line segment).

8) Prove that every natural number can be represented as a sum of several distinct
powers of 2.
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