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Modular Arithmetic/Arithmetic of Residues

1. Elementary number theory.

We summarise the results of Modular Arithmetic that we have discussed.

Modular Arithmetic

If integers a and b have the same remainder when divided by an integer m > 1 we
write a ≡ b (mod m). This also means (a− b) is divisible by m.

Prove the following: Given a ≡ b (mod m) and c ≡ d (mod m)

a + c ≡ b + d (mod m)

ac ≡ bd (mod m)

ak ≡ bk (mod m)

Basic building block problems

1) Prove that if a ≡ b (mod m) then ak ≡ bk (mod m) for all integers k. Is the converse
true. If not state the condition when the converse will also hold to be true.

2) Construct the multiplication table modulo 5. Construct the multiplication table
modulo 6.

1 Why in the first table there were no zeros, and in the second there are zeros?

2 Why in each line of the first table is there no number that is repeated twice?

3 For which modules within the first ten numbers the multiplication tables will be
similar to the table modulo 5, and for which - they will be similar to the table
modulo 6?

4 How many rows in the table on module 12 will not have zeros?

3) Find the smallest nonnegative remainders for 6k + 1 (mod 17) for k = 1, 2, 3, 4, 5.

4) Find 6100 mod(7). (Hint: Note 6 ≡ −1 mod(7))

5) Prove that 1n + 2n + 3n + · · · + (n− 1)n is divisible by n for odd n.

6) Let d be a natural number which is a common divisor of a, b, and m. Prove that
a ≡ b (mod m) iff a/d ≡ b/d (mod m/d).

7) Let p(x) be a polynomial with integer coefficients and a ≡ b (mod m). Then show
that p(a) ≡ p(b) (mod m).

8) Prove that 72014 + 92014 is divisible by 10.

9) (Probably tough, hint will be provided in the class) Prove that for any natural
number n the number 3n + 5n is not a complete square.

10) The sequence (an) is given by a1 = a2 = 1, an+2 = anan+1 + 1. Prove that an − 3 is
a composite number for n > 6.
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