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Introductory Geometry -2

1. Some starting results in Geometry INEQUALITIES.

We summarise the results that are the building blocks of the problems given so far.

Inequalities

1) Prove that the exterior angle in a triangle is always greater than an interior angle
not adjacent to it.

2) Prove that in a triangle the angle opposite to a longer side is greater. (In other
words, if in a triangle ABC, side AB is longer than side AC, then angle C is greater
than angle B).

Figure 1: Problem 2

Proof: See fig(1). On side AB, draw segment AD equal to AC. Now, ACD is an
isosceles triangle and the base angles shown in the diagram are therefore equal. Now
it follows that

∠C > ∠ACD = ∠ADC > ∠B.

3) Prove that in a triangle the side opposite to a greater angle is longer.(In other words,
if in a triangle ABC, if ∠C > ∠B, then side AB will be longer than AC.

Proof: We use proof by contradiction. We will prove that the side AB can not be
shorter or equal to side AC and therefore conclude that AB is greater than AC.

Consider the case that AB = AC. This means it is an isosceles triangle with base
angles equal, i.e., ∠B = ∠C. This is a contradiction. Hence not possible (i.e.,
AB = AC is not possible.

Consider the case that AB < AC. Also given that ∠B > ∠C. This is a contradiction
to the theorem proved above that the angle opposite to the larger side is longer.

Hence the only possibility left, i.e., AB > AC is true.

4) Triangle inequality The sum of any two sides of the triangle is greater than the third
side.

Proof On the extension of the side AB of the triangle ABC to the vertex A we
extend the segment AC1 = AC. See fig(). In the isosceles triangle CAC1∠AC1C =
∠ACC1. Since point A lies on segment BC1, ∠BCC1 = ∠BCA+∠ACC1, therefore
∠BC1C = ∠ACC1 < ∠BCC1.

Thus, as discussed in previous theorems BC1 > BC. Consequently,

BA + AC = BA + AC1 > BC
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5) Given the triangles ABC and A1B1C1, with AB = A1B1, AC = A1C1, and the
∠BAC is greater than the ∠B1A1C1. Then side BC is greater than B1C1.

Proof: See the figure (2) and construction therein. We construct triangle ABD
congruent to triangle A1B1C1. Theerefore, BD = B1C1. Construct further an
angle bisector of the ∠DAC. Notice that ED = EC (Why?). Now as the final step
we use triangle inequality on triangle BED

BC = BE + EC = BE + DE > BD = B1C1

Figure 2: Problem 5

6) Given triangles ABC and A1B1C1, with AB = A1B1, AC = A1C1, and BC is
greater than B1C1. Then the ∠BAC is greater than the ∠B1A1C1.

Proof: To be completed by the reader.

Some Basic building block problems in Inequalities

1) Prove that the longest side in a right angle triangle is the hypotenuse and in an
obtuse triangle it is the side opposite to the obtuse angle.

2) We are given a line l and a point A which is not on the line. Prove that a perpen-
dicular from a point A to the line l is the shortest segment from point A to a point
on line l.

3) Line l is the perpendicular bisector of segment AB. Prove that the points on one
side of the line are closer to A than B, and for the points on the other side of the
line, the opposite is true.

Hence, if there are two wells A and B in a desert, people living on one side of the
perpendicular bisector are closer to well A, and those living on the other side are
closer to well B.

4) Now let us consider ∠AOB and a point X inside it. If we draw perpendicular
segments from X to the sides of the angle, which of them will be longer? The
answer is that it depends on which side of the angle bisector point X lies.

5) Prove that if X lies on the same side of the bisector as side OB, then the per-
pendicular to OB is shorter; if X lies on the other side of the bisector, then the
perpendicular to OA is shorter.

6) Point O lies inside triangle ABC. Prove that side AC is seen from point O at a
greater angle than from vertex B.

Figure 3: Problem 4 and 5 Figure 4: Problem 4 and 5


