
RV Math Circle

Problems for Session 3 20-07-2018

Introductory Geometry

1. Problems (Introductory Geometry)

Problems for the week

1 Warm up on a straight line

a) In the village at the direct road there are four huts A, B, C and D at a distance of
50 meters from each other. At what point of the road should we build a well, so
that the sum of the distances from the well to all four huts would be the least?

b) In village A there are 50 schoolchildren, in village B there are 100 schoolchildren.
The distance between the villages is 3 kilometers.

At which point of the road from A to B do you need to build a school so that the
total distance traveled by all students together will be as low as possible?

2 Triangles

a) Construct an isosceles triangle if we are given the straight line on which lies the
median from the vertex of meeting of equal sides, a point on the bottom side and
two points one on each of the two other sides.

b) Construct the triangle ABC if the side AC, the acute angle at the vertex A and the
difference of the sides AB and BC (AB> BC) are known.

c) From the point outside the straight line, construct the perpendicular on this straight
line with the help of a compass and ruler, having drawn no more than three lines
(or curves).

d) Construct a triangle given the lengths of two sides and also the median drawn onto
the third side.

e) On the sides AB, BC and CA of the acute-angled triangle ABC the points C1,
A1 and B1 are taken, respectively. Prove that if ∠B1A1C = ∠BA1C1,∠A1B1C =
∠AB1C1,∠A1C1B = ∠AC1B1, then the points A1, B1 and C1 are the bases of the
heights of the triangle ABC.

f) Prove that if there is one corner in the triangle with angle equal to 120o, then the
triangle formed by joining the base points of its angle bisectors is a right angled
triangle.

3 Parallel lines and sum of the angles of a triangle

a) On the two sides of the triangle outside it, squares are constructed. Prove that the
segment joining the ends of the sides of the squares emerging from one vertex of the
triangle is twice the median of the triangle emerging from the same vertex.

b) In the convex pentagon ABCDE, it is known that AE = AD, AC = AB and
∠DAC = ∠AEB + ∠ABE. Prove that DC is twice the median AK of the triangle
ABE.

c) The bisector of an isosceles triangle drawn from a vertex is half that of another
bisector. Find the angles of the triangle.

d) In the triangle ABC with the angle B equal to 120o, the bisectors of AE, BD and
CM intersect at point O. Prove that ∠DMO = 30o.
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4 Circles

a) Given a circle, its diameter AB and point C on this diameter. Construct on the
circle two points X and Y, symmetric with respect to the diameter AB, for which
the straight line YC is perpendicular to the line XA.

b) The circle, its center and two points A and B not lying on the circle are given. Using
only the compass, construct the points of intersection of the circle with the line AB,
if it is known that this line does not pass through the center of the circle.

5 Tangents to a Circle

a) Correspondingly, points A1, B1 and C1 are taken on the sides BC, CA and AB of
triangle ABC, with AC1 = AB1, BA1 = BC1 and CA1 = CB1. Prove that A1, B1

and C1 are the points of tangency of the inscribed circle with sides of the triangle.

b) Construct circles with centers at three given points, pairwise touching each other
externally.

c) Three points A, B and C are given. Construct three circles touching tangentially
(external tangents) at these points.

d) The sums of the opposite sides of a convex quadrilateral are equal to each other.
Prove that all sides of this quadrilateral touch a certain circle.

6 Geometric Location of points

Nice elementary examples are

• The locus of all points equidistant from a fixed point is a circle.

• The locus of all points equidistant from a fixed line are two parallel lines.

• The locus of all points equidistant from the two ends of a line segment is a line
which is also the perpendicular bisector of the line segment.

• The locus of all points such that the angle projected from that point to the ends
of a fixed line segment is a right angle is a circle without two points.

a) Find the locus of the centers of circles tangent to a given line at a given point.

b) Construct a circle of a given a) radius, b) a point on this circle and c) cutting on a
given line a segment equal to a given specified given length.

c) Find the locus of internal points in a given angle, such that the sum of the distances
to the sides of this angle is equal to a given fixed value.

d) The point X moves along the circle with the center O. At each radius OX a segment
OM is laid, the length of which is equal to the distance from the point X to the
specified diameter of the circle. Find the locus of points M.

e) On the side of the triangle, construct a point, the sum of the distances from which
to the other two sides is equal to a given fixed value.
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